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CN 1 Introduction 

1.1 Statement of the problem 
CN 

A system is called bihamiltonian if it is hamiltonian with respect to a whole one-dimensional 

family of Poisson brackets (Poisson pencil). A relation between bihamiltonian structure and 

integrability was first noted by Magri in |1 and further studied by Gelfand and Dorfman in [2J, 

Magri and Morosi in [3J, and Reiman and Semenov-Tyan-Shanskii in 0]. 

The principle expressed in the mentioned works is the following: given a Poisson pencil we 

are able to construct a large family of functions in involution which appear to be integrals of any 

system bihamiltonian with respect to the pencil. In many cases these integrals are enough for 

integrability. Therefore, bihamiltonian systems are often completely integrable. 

On the other hand, many integrable systems appearing in geometry and physics possess a 

i-^ bihamiltonian structure (see, for example, [5HT2JV 

So far bihamiltonian structure was considered only as a tool for finding integrals or as an 
explanation for their existence, a hidden mechanism which rules integrability. But what is 
integrability? Integrability of a system doesn't mean that we understand its behavior - it only 
means a possibility to understand it. In [T2J Bolsinov and Oshemkov showed that bihamiltonian 
structure may be very useful not only for finding integrals, but for further analysis of a system 

Q\ as well. 

t— I The theory of qualitative (or topological) analysis of finite-dimensional integrable hamiltonian 

systems is due to the works of Fomenko and his school (see [T3rll5| ). Lerman and Umanskiy (see 
[TBH5D]), and Kharlamov (see [2T]). The main idea of this theory is to replace the study of 
the system itself by the study of the map given by the commuting integrals of the system - 
the moment map, and of the foliation of the phase space into the connected components of the 
moment map level sets - the Liouville foliation. By Arnold-Liouvillc theorem^] almost all fibers 
of the Liouville foliation are tori, these tori are invariant with respect to the system and the 
dynamics on these tori is quasi-periodic. Consequently, if one aims to understand the dynamics 
of an integrable hamiltonian system, it is very important to study the moment map and the 
V^ topology of the Liouville foliation. 

Now note that in bihamiltonian case the integrals are completely defined by the Poisson pencil. 
Consequently, all the properties of the moment map and the Liouville foliation are contained in 
the pencil itself, and since Poisson pencils usually have algebraic nature, it should be easier to 
study them compared to the explicit study of moment maps. The problem is to reformulate the 
necessary properties in the language of pencils. 

1 This theorem is due to Jacobi |22) . Liouville [23| and Mineur |24j . In the modern formulation it first appeared 
in [25]. See also [15, 26, 27 . 
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We emphasize that while integrable systems are considered to be the most "symmetric" 
among all dynamical systems, the systems possessing a bihamiltonian structure are even more 
"symmetric" . Therefore, applying general methods of the theory of integrable systems to bi- 
hamiltonian systems seems to be unreasonable, and a separate theory should be developed. An 
attempt to develop such a theory is made in this paper. 

Which Poisson pencils do we consider? There are two essentially different types of 
Poisson pencils: 

• Non-degenerate (symplectic): brackets forming a pencil are non-degenerate. This situation 
was studied in [21 E] . The integrals in this case are the traces of powers of the recursion 
operator. 

• Degenerate: brackets forming a pencil are degenerate. This situation was studied in [IF] 
The integrals in this case are the Casimir functions of the brackets of the pencil. 

Since the integrals in the non-degenerate and degenerate situation have different nature, these 
two cases should be treated separately. In this paper we are going to discuss the second situation. 
The criteria for complete integrability in this case is given by Bolsinov (see [5]). We will assume 
that this criteria is satisfied. This is the case, for example, for the Manakov top as well as for the 
systems constructed by the argument shift method on semisimple (and many other) Lie algebras. 

What properties of a moment map are we interested in? The most important 
property of a moment map is certainly the structure of its singular set. Why are singularities so 
important? 

• All special (and most interesting) solutions, such as equilibrium points, belong to the 
singular set. 

• Arnold-Liouville theorem claims that all regular (i.e. those which contain no singular points 
of the moment map) compact fibers of the Liouville foliation are tori and the foliation in 
the neighborhood of a torus is trivial. Therefore, the topology of the Liouville foliation is 
mainly defined by its singularities. 

For a general integrable system it is not easy to describe the singular set. In order to do this, 
we need to find those points in which the rank of the moment map Jacobi matrix drops. This 
involves solving algebraic equations (provided the integrals are polynomial) . The number and the 
degree of these equations grows with the dimension and the solution procedure can become very 
tricky. However, if the system possesses a bihamiltonian structure, this reduces to a procedure of 
describing the singular points of the pencil, i.e. the union of singular points of all brackets of the 
pencil, which is much easier in examples than the calculations with the Jacobi matrix (Bolsinov, 

0). 

Probably the second important step after finding the singular points is to check their non- 
degeneracy. Non-degenerate singular points are, in some sense, generic singular points. The 
notion of non-degenerate singular point of an integrable system is analogous to the notion of 
Morse singular point of a smooth function. Instead of the Morse lemma we have the Eliasson 
theorem here: the Liouville foliation in the neighborhood of a non-degenerate singular point is 
symplectomorphic to the foliation given by the quadratic parts of the integrals. The complete 
invariant of the Liouville foliation in the neighborhood of a non-degenerate singular point is the 



2 However, the construction of integrals in this case can be viewed as a generalization of the argument shift 
method, introduced by A.S.Mischenko and A.T.Fomcnko in |28| . and the Manakov construction of the integrals 
in the Euler case of multidimensional rigid body dynamics (see [29]). 



(Williamson) type of the point - three non- negative integers k e , kh, kf. The notion of type of a 
singular point of an integrable system is analogous to the notion of an index of a Morse singular 
poin10 

Thus knowing the type of a singular point makes it possible to describe the Liouville foliation 
as well as dynamics in the neighborhood of a pointQ Therefore, the first thing one should do 
after describing the set of singular points is to check whether these points are non-degenerate and 
find their type. For an arbitrary system this involves some non-trivial calculations. However, it 
turns out that in the bihamiltonian case the answer can be expressed in terms of the brackets 
of the pencil linearized at a singular point. For rank zero and corank one points the problem 
was approached in 30rj To solve the problem in the general setting, we introduce the notion 
of linearization of a Poisson pencil at a singular point, which is again a Poisson pencil, but a 
linear one. The problem of non-degeneracy and type for an initial pencil is reduced to the same 
problem for the linearized one, while the linear problem can be easily solved in algebraic terms. 

1.2 Integrability and non-degeneracy 

Let x — sgrad H be a hamiltonian system on a symplectic manifold (M 2n , u) , where 

sgrad _ff = uj~ 1 dH. 

Let J 7 be a family of pairwise commuting integrals of the system. It will be convenient to assume 
that J 7 is a vector space, i.e. is closed under addition and multiplication by numbers. If it is not 
so, we can always replace T with the space linearly spanned by J- ' . 

Definition 1. 

1. J- is said to be complete on M 2n if dimdJ r (x) = n for almost all x 6 M 2n , where dJ r (x) = 
{d/(x),/€^}. 

2. The hamiltonian system x — sgrad H is called in this case completely (Liouville) integrable, 
or simply integrablgPj 

3. The foliation of M into the connected components of the common level sets {J- = const} 
is called in this case the Liouville foliation. 

Remark 1.1. This definition coincides with the classical one if it is possible to choose n functions 
in J- such that their differentials span dJ- '. Locally this can always be done. 

Definition 2. A point x is called singular for a given integrable hamiltonian system if 
dimdJ r (a;) < n. The number dimdJ r (x) is called the rank of a singular point x. A fiber of 
the Liouville foliation, which contains at least one singular point, is called singular. All other 
fibers are called regular. 



3 See Section 



1.2 



for precise definitions of non-degeneracy and type. 

J For example, knowing the type of a point, we can study its Lyapunov stability. Suppose we have a non- 
degenerate singular point, which is a fixed point of our system. Then, provided the system is non-resonant, this 
point is stable if and only if it has rank zero and it has a so-called elliptic type, which means that k^ = kj = 0. 
The same is true for periodic trajectories, with the only difference that rank zero should be replaced with rank 
one. 

5 See also I31| . where the results of |30| are applied to study the Zhukovskii-Volterra system. 

6 More precisely, the system x = sgrad H is called integrable if T is complete and the following additional 
condition is satisfied: the vector field sgrad / is complete for each / £ T . However, since all our considerations 
are local, we omit this condition in the definition. 



The Arnold-Liouville theorem claims that all compact regular fibers of a Liouville foliation 
are tori, and the dynamics on these tori is conditionally periodic. 

Despite the fact that almost all fibers of a Liouville foliation are regular, it is also important 
to understand the topology and dynamics in the neighborhood of singular fibers due to the 
following reasons: 

1. Singular fibers correspond to special regimes of motion. In particular, fixed points of a 
system always belong to singular fibers. 

2. It is mainly singular fibers which define the global topology of a system. 

Let us now recall what a non-degenerate singular point is (see |15j). 

Suppose that / £ J-,df(x) = 0. Then we can consider the linearization of the vector field 
sgrad / at the point x. Denote it by Af. Since the flow defined by sgrad / preserves the symplectic 
structure, A f £ sp(T x M). 

Now consider the space W = {sgrad /(a;), / £ J 7 }. Since the functions in T are in involution, 
all operators Af vanish on W. Consequently, we can consider Af as operators on W ± /W. Since 
W is isotropic, W ± /W carries a natural symplectic structure and Af £ sp(W ± /W). Also note 
that all Af commute, therefore the set 

Ar = {A f j£T,df(x) = Q} 

is a commutative subalgebra in Sp(W /W). 

Definition 3. A singular point x is called non- degenerate, if the subalgebra Ajr constructed 
above is a Cartan subalgebra in sp(W ± /W). 

If A is an element of a Cartan subalgebra f) in sp, then its eigenvalues have the form 

± Ai«, . . . ,±XkJ, 

±Ui,...,±f kh , 

±Mi ± £ih ■ ■ ■ > ±Mfc/ ±6^*- 

The triple (fe e ,feft,fe/) is the same for almost all A £ \). Let us call this triple a (Williamson) 
type of the Cartan subalgebra f). All Cartan subalgebras of the same type are conjugated to 
each other (Williamson, f3"2"]). 

Definition 4. The type of a singular point x is the type of the Cartan subalgebra Ajr c 
sp(W /± /14 A ) constructed above. 

It is easy to see that for every non-degenerate singular point x the following equality holds: 
k e + kh + 2fcy = n — rank x. 

Let us now state the Eliasson theorem about the linearization of Liouville foliation in the 
neighborhood of a non-degenerate singular point. 

Definition 5. 

1. The foliation which is given by the function p 2 + q 2 in the neighborhood of the origin in 
(M 2 , dp A dq) is called an elliptic (or center) singularity. 

2. The foliation given by the function pq in the neighborhood of the origin in (M 2 , dp A dq) is 
called a hyperbolic (or saddle) singularity. 



3. The foliation given by the commuting functions piqi +P2l2,PiC[2 — QiP2 in the neighborhood 
of the origin in (]R 4 , dp A dq) is called a focus-focus singularity. 



Theorem 1 (Eliasson, sec [33 35] for proof, see also [H]). The Liouville foliation in the neigh- 
borhood of a non- degenerate singular point of rank r and type (k e ,kh,kf) is locally fiberwise 
symplectomorphic to the direct product of k e elliptic, kh hyperbolic and kf focus-focus singulari- 
ties, multiplied by a trivial foliation W xl r . 

1.3 Jordan-Kronecker theorem 

It is well known that two bilinear symmetric forms, one of which is positive definite, can be 
simultaneously diagonalizcd. A similar statement holds for skew-symmetric forms: 



Theorem 2 (Jordan-Kronecker theorem, sec [36 38 ). Let A, B be two skew- symmetric forms 
on a complex vector space V . Assume that B is a generic form in the pencil a A + (3B, i.e. 

rankS > rank (a A + j3B) for all a, j3. 

Then there is a basis in V such that A, B will have the following block-diagonal form: 
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where 

• Jk,x is the k x k Jordan block with the eigenvalue X. 

• Efc is the k x k identity matrix. 

• rank (Ax + XB^) does not depend on X. 

Remark 1.2. If B is not a generic form, one should replace it with a suitable linear combination 
aA + /3B. 

Remark 1.3. The theorem also gives a normal form for Ak and -Br-, which we do not need: they 
are block-diagonal, and the corresponding blocks are called Kronecker blocks. 

The following property of the Jordan-Kronecker form is very important: 



Proposition 1.1. 

rank (A + XB) < max rank (A + vB) <=> A <G {Aj}Kj< m , 

where Aj are the numbers entering matrix Fw. 

Note that we will not use the Jordan-Kronecker form in formulations of theorems, because 
this form can hardly be calculated explicitly in examples. Nevertheless, it will be convenient to 
use this form for an illustration of some notions we are going to introduce. 

1.4 Bihamiltonian systems. Construction of family T 

Definition 6. Two Poisson brackets Po,Poo ( on a smooth manifold M) are called compati- 
ble if any linear combination of them is a Poisson bracket again. The set of non-zero linear 
combinations II = {aPo + (3 Poo} is called in this case a Poisson pencil. 

Remark 1.4. Sometimes it will be necessary to consider complex values of a and f3. In this case 
aPo + (3Poc must be treated as a complex-valued Poisson bracket on complex-valued functions. 
The corresponding Poisson tensor in this case is a two-form on the complexified cotangent space 
at each point. 

Since it only makes sense to consider Poisson brackets up to proportionality, we will write 
Poisson pencils in the form 

n = {P A = Po + APoo} Ae c- 

Definition 7. Rank of a pencil II at a point x € M is the number 

rankll(a;) = max rank P\ (x). 

Rank of a pencil II (on M) is the number 

rankll = max rank II(x) = max rank P\ (x) . 

x A, x 

Definition 8. A vector field v is called bihamiltonian with respect to a pencil II, if it is hamil- 
tonian with respect to all brackets of the pencil. 

Let II be a Poisson pencil and v be a vector field which is bihamiltonian with respect to II. 
We want to construct a complete family of integrals in involution for v. The main idea for this 
is provided by the following well-known statement (see [4]). 

Proposition 1.2. Let IT = {P\} be a Poisson pencil. Then 

1. If f is a Casimir function of P\ for some A, then f is an integral of any vector field 
bihamiltonian with respect to II. 

2. If f is a Casimir function of P\, g is a Casimir function of P v , and A ^ v, then f and g 
are in involution with respect to all brackets of the pencil. 

3. If f and g are Casimir functions of P\, and rankPx(a;) = rank II for almost all x G M, 
then f and g are in involution with respect to all brackets of the pencil. 

Let JF be the system generated by all Casimir functions of all brackets of t he pencil (satisfying 



the condition rank Pa (x) — rankll for almost all x g M). Proposition 1.2 implies that f is a 
family of integrals of v in involution. However, this system is unsuitable for our purposes by the 
following two reasons: 



1. We can't guarantee that the brackets of the pencil have globally defined Casimir functions. 

2. Even if globally defined Casimir functions exist, their behavior may be unpredictable in 
the neighborhood of the points where the rank of the corresponding bracket drops. 

By these reasons we replace the global system J" by a local system T constructed as follows: 
Let 

Bad = {x E M : rank II (x) < rankLT}. 

be the set of points in which the rank of all brackets of the pencil drops. 

Further we will only consider x (£ Bad. For such x we can find a such that rankP Q (x) = 
rankLT. Moreover, we can find e > and a neighborhood U(x) such that rank P v (y) = rank II 
for \v — a\ < e,y £ U(x), and all local Casimir functions of P v where \v — a\ < e are defined 



in U(x). Consider a family T — T afi generated by all these Casimir functions. Proposition 1.2 
implies 

Proposition 1.3. J- is a (local) family of integrals in involution for any system bihamiltonian 
with respect to our pencil. 

Remark 1.5. The choice of a and e is not important which means that our results remain true 
for any choice of a, s. Moreover, under some additional conditions we will get the same family 
of integrals for all a, e. What is important in this construction, is the fact that T is generated 



by the Casimir functions of brackets which are regular at the point x (see Example 2.4). 



1.5 Completeness of J 7 

Definition 9. The spectrum of a pencil LT at a point x is the set 

A(x) = {A e C : rank P A (x) < rankll(x)}. 

Let 

S = {x : A(x) ^ 0}. 

Definition 10. We will say that H is micro- Kronecker (or simply Kronecker), if the set S has 
measure zero (i.e. if the spectrum is empty almost everywhere). 

In other words, a pencil is Kronecker if its Jordan-Kronecker decomposition has only Kro- 
necker blocks (i.e. has no Jordan blocks) almost everywhere. Giving this definition we follow 

I. Zakharevich [39 and A. Panasyuk [30] , 

Theorem 3 (A.V.Bolsinov, [5], the criteria of completeness of J 7 on a regular symplectic leaf). 
Assume that rankP a (a;) = rankLT and let 0(a, x) be the symplectic leaf of P a passing through x. 
Then J- \o(a,x) is complete at x if and only if x $_ S. 

Corollary 1.1. J- is complete on 0(a,x) if and only if the set S n 0(a,x) has measure zero. 

Corollary 1.2. If li is Kronecker, then J- is complete on almost all regular symplectic leaves. 

The theorem also implies that the singular points of T \o(a,x) are exactly the points where 
the rank of some bracket Pp drops. A question arises: How do we check non-degeneracy of 
these points and determine their type? 

It turns out that the answer can be given in terms of the so-called linearization of the pencil 

II, which will be defined later. 



2 Definitions and non-degeneracy criteria 

2.1 Linear pencils 

Definition 11. Let g be a Lie algebra and A be a skew-symmetric bilinear form on it. Then 
A can be considered as a Poisson tensor on the dual space g*. Assume that the corresponding 
bracket is compatible with the Lie-Poisson bracket. The Poisson pencil H sA = {P®' }, where 



v 



P»> A (x)(t,v) = (x, {Z,rj}) + XAfov), for £,V € 0, 
will be called the linear pencil associated with the pair (g,A). 

Giving this definition, we are motivated by the fact that linear pencils arise as a linearization 



of a general Poisson pencil at a singular point (see Section 
properties of linear pencils. The following is well known (see 



2.31). Now we shall discuss some 

rim)- 



Proposition 2.1. A form A on q is compatible with the Lie-Poisson bracket if and only if this 
form is a 2-cocycle in terms of the Chevalley-Eilenberg complex, i.e. 

dA(£,T,,Q = A([t,r,],Q + A([ri,Q,$ + A([C,t],r,)=0 

for any £,n,( e g. 

Corollary 2.1. If a form A is compatible with the Lie-Poisson bracket on g* , then KerA is a 
subalgebra in g. 

Remark 2.1. The definition of the Chevalley-Eilenberg complex can be found in 42 . 

Example 2.1 (Exact forms or the "argument shift method"). Let g be an arbitrary Lie algebra and 
■^a{^,ij) — ( a i [£>??]}; where a € 0*. It is easy to see that A a is compatible with the Lie-Poisson 
bracket. 

The condition A — A a is equivalent to the fact that A = da in the Chevalley-Eilenberg 
complex, therefore the compatibility of A a and the Lie-Poisson bracket follows from the equality 
d 2 = 0. 

The pencils with A — A a are the ones which one should consider when constructing an 
integrable system by the argument shift method (see [21]), therefore we will call them pencils of 
the argument shift type. It also seems reasonable to call such linear pencils exact. 

We want to use linear pencils to construct commuting functions following the general scheme 
of Section 1.4 In order to be able to do so, we need the following property of regularity: 

Definition 12. We will say that a cocycle A on q is regular, if rank LI '" 4 = rank A. 

It is easy to see that if A — A a , then corankP ' = indg for any A =^ 00, therefore regularity 
of A means that corank A = indg, i.e. it is equivalent to regularity of the element a. 

To give a criteria for regularity in the general case, we need a (standard) construction of the 
central extension of a Lie algebra, associated with a 2-cocycle. 

Let g be a Lie algebra over a field K. Suppose that A is a 2-cocycle on g. Let us consider the 
space 0a = + K 1 , where K 1 = (z) is a one-dimensional vector space, and define a commutator 
[,}a on gA by the following rule: 

[x, y] A = [x, y] + A(x, y)z, for anyi.yegc 0a, 
[z,Qa]a = 0. 



It is easy to see that if A is closed, then the commutator [,] A turns qa into a Lie algebra. Also 
note that g = Qa/(z), and the lift of A to qa is an exact form. This means that every closed 
2-form on a Lie algebra becomes exact after a lift to a certain one-dimensional central extension. 
The following is straightforward 

Proposition 2.2. A 2-cocycle A on q is regular if and only if it its lift A to Qa is regular. 

Corollary 2.2. If A is a regular cocycle on g 7 then Ker A is abelian. 

Proof. Let A be the lift of A to qa- Since A is exact and regular, Ker A is abelian. But 
Ker A = 7r(Ker^4), where 7r is the natural projection. Therefore, Ker A is abelian as well. □ 

We will see that in good examples Ker A is not just an abelian subalgebra, but a Cartan 
subalgebra. 



Suppose that A is regular. Then we can apply the construction of Section 1.4 to this pencil 
in the neighborhood of the origin (because the origin does not belong to Bad due to regularity of 
^4) and obtain the family J- ' . This family is involutive with respect to all brackets of the pencil. 
In particular, with respect to the constant bracket A. 

Definition 13. A pencil H B ' A with regular A will be called integrable if T is complete on the 
symplectic leaf of A passing through the origin. 

We see that if a pencil U B ' A is integrable, then it canonically defines an integrable system on 
the symplectic leaf of A passing through the origin. 

Proposition 2.3. A pencil IL Bt with regular A is integrable if andy only if the measure of the 
set S H O is zero where 

S = {x : there exists A such that rankP?' (x) < rank II s ' } 

and O is the symplectic leaf of A passing through the origin. 

The proof follows from Theorem [3] 

Note that if A = da, then S is the intersection of g* with a "cylinder" over the set of singular 
elements in C <g) g* : 

S = g* C\ {x + \a\ x is singular in C <g> g*, A € C}. 

2.2 Singularities associated with integrable linear pencils 

Suppose that a pencil H B ' A is integrable. Then the Casimir functions of the regular brackets of 
the pencil define an integrable system on the symplectic leaf of A passing through the origin. 
The origin is a zero-rank singular point for this system. This means that every integrable linear 
pencil canonically defines a zero-rank singularity (i.e. a germ of an integrable system at singular 
point). Denote the singularity associated with U B ' A by Sing(H a ' ). 

Example 2.2 (Argument shift on semisimple Lie algebras). Let g be a semisimple Lie algebra 
with two or four-dimensional coadjoint orbits and A = A a be an "argument shift" form, where 
a S g* is a regular element. Below is the list of the corresponding singularities: 

1. Two-dimensional orbits: one degree of freedom. 

• so (3) - elliptic singularity. See Figure [I] 





Figure 1: Singularity corresponding to so (3) 





Figure 2: Singularity corresponding to sl(2), shift on a hyperbolic element 





Figure 3: Singularity corresponding to st(2), shift on an elliptic element 
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Figure 4: Singularity corresponding to s[(2), shift on a nilpotent element 

• sl(2) - hyperbolic singularity if the Killing form is positive on a (Figure [2]), elliptic if 
it is negative (Figure [3]) , and degenerate if it is zero (Figure |4J) . 

2. Four-dimensional orbits: two degrees of freedom. 

• so (4) ~ so(3)0so(3) - center-center singularity (a product of two elliptic singularities). 

• so(2, 2) ~ sl(2) ffi sl(2) - saddle-saddle (a product of two hyperbolic singularities), 
saddle-center (a product of an elliptic and a hyperbolic singularity) , center-center (a 
product of two elliptic singularities) or degenerate singularity (depending on a). 

• so(3, 1) ~ so(3,C) ~ st(2,C) - focus-focus singularity if a is semisimple, degenerate 
otherwise. 

We will see further that no semisimple Lie algebras except for the sums of so (3), s [(2) and so (3, 1) 
give rise to non-degenerate singularities. The corresponding fact in the theory of integrable sys- 
tems is the Eliasson theorem: all non-degenerate singularities are products of elliptic, hyperbolic 
and focus-focus singularities (see Theorem [I]). 

There are also solvable Lie algebras which give rise to non-degenerate singularities. 

Example 2.3. 

1. Any regular linear pencil on e(2) = so(2) XI 2 which is not of argument shift type gives rise 
to an elliptic singularity. The argument shift pencil gives rise to a degenerate singularity. 

2. Any regular linear pencil on e(l, 1) = so(l, 1) X R~ which is not of argument shift type 
gives rise to a hyperbolic singularity. The argument-shift pencil gives rise to a degenerate 
singularity. 

3. Any regular linear pencil one(2,C) ~ e(l,l,C) which is not of argument shift type gives rise 
to a focus-focus singularity. The argument-shift pencil gives rise to a degenerate singularity. 

Definition 14. An integrable linear pencil H B ' A will be called non- degenerate, if the singularity 
Sing(H B ' ) is non-degenerate. 



11 



Suppose that II s ' is a linear pencil and A is regular. Then Ker A c is an Abelian subalgebra 



(see Corollary 2.2). Suppose that all elements of Ker^4 are ad-semisimple (i.e. Ker A is a 



2.1 



diagonalizable subalgebra). Then q admits a "root" decomposition 

C ® fl = C <g> Ker A + ^(Va* + VLa,), 

where Aj G (Kerv4)* are "roots" and Va 4 are "root spaces", which means that for any £ <E 

C ® Ker ^4, eA t € V\ t we have [£, eA s ] = Aj(£)eA 4 - Roots enter in pairs ±A, because the operators 

ad^ for £ £ Ker A belong to sp(g/ Ker A, A). This follows from Proposition 

Obviously, the maximal possible number of linear independent A^'s is 

n = -(dimg — dim Ker A) = -rank A. 

Theorem 4. A linear pencil IF- is non- degenerate if and only if Ker A is a diagonalizable sub- 
algebra and the number of linear independent roots of q with respect to Ker A is exactly -rank A. 
In other words, there exists a decomposition 



C ® g = C ® Ker A + ^(V\ 4 + V_ Al ), 



where Xi £ (Ker A)*, all Xi 's are linear independent, all V±\ i 's are one- dimensional, and for all 
i £ C(g)KerA ; e\ t £ V\ t we have [C>eA 4 ] = ^i{0 e >^- 

The type of Sing(H s ' ) in this case is is (k e ,kh,kf) where k e is the number of pairs of pure 
imaginary Xi 's, kh is the number of real Xi 's, and kf is the number of pairs of complex conjugate 
Vs. 

Remark 2.2. We claim that if the conditions of the theorem are satisfied, then A is automatically 
regular and II 0, A is automatically integrable. 



In Section 2.5 we will give an explicit classification of non-degenerate linear pencils. However, 



it seems that Theorem [4] is more useful for applications, than the classification theorem. 

2.3 Linearization of a Poisson pencil 

Let P be a Poisson structure on a manifold M, x £ M. It is well-known that the linear part of P 
defines a Lie algebra structure on the kernel of P at the point x. The commutator in this algebra 
is defined as follows: let £,?y £ KerP(cc). Choose any functions f,g such that d/ = £, dg = r\, 
and define 

The following is well-known 
Proposition 2.4. 

1. The commutator [ , } is well-defined and indeed turns KerP(a;) into a Lie algebra. 

2. //rankP(x) = rankP, then this algebra is Abelian. 

Now consider a Poisson pencil {Pa = Po + APoo} and fix a point x ^ Bad. Denote by Q\(x) 
the Lie algebra on the kernel of P\ at the point x. For regular A (i.e. for A ^ A(x)) the algebra 
0a is abelian. For singular A (A € A(x)) this is not the case in general, therefore 0a (x) carries 
non-trivial information about the behavior of the pencil in the neighborhood of x. 
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Remark 2.3. For complex values of A the space KerP\(a;) is a subspace of C ® T*M, therefore 



Q\ in this case is a complex Lie algebra (see Remark 1.4 1 



It turns out that apart from the Lie algebra structure 0a carries one more additional structure. 

Proposition 2.5. For any a and j3 the restrictions of P a (x),Pp(x) on Q\(x) coincide up to a 
multiplicative constant. 

Proof. Since Pa vanishes on Q\ , all other brackets of the pencil are proportional. □ 

The restriction P Q | BA is a 2- form on 0a- Therefore, it can be interpreted as a constant Poisson 
bracket on g A . 

Proposition 2.6. The bracket P a \g x is compatible with the Lie-Poisson bracket on q* x (i.e. 
P a \ Sx is a 2-cocycle on Q\). 

Proof. Since P a and P\ are compatible, we have 

{{/, g} a , h} x + {{g, h} a , /}a + {{h, f} a ,g}x+ 

+ {{/, g)x, h} a + {{. 9 , h} x , f} a + {{h, /} A , g} a = 0. 

But if d/, dg, Ah G Ker Pa then the first three terms vanish and we can write down 
{{/, <?}a, h} a + {{g, h} x , f} a + {{h, f} x , g} a = 0, 



P a {{df,dg},dh) + P a ([dg,dh],df)+P a ([dh,df},dg) = 0, 

i.e. P a is a 2-cocycle on 0a, q.e.d. □ 

Consequently, P Q | BA defines a linear pencil on g^. Since P Q | flA is defined up to a multiplicative 
constant, the pencil is well-defined. Denote this pencil by dAn(cc). 

Definition 15. The pencil dAiI(a;) will be called the X-linearization of the pencil II at the point 



2.4 Non-degeneracy criteria 

Definition 16. A pencil II will be called diagonalizable at a point x, if for each A £ A(:c) and 
any a ^ A the following is true 

dimKer (P a (x) \ Kc rP x (x)) = corankII(a;). 

Remark 2.4. In terms of the Jordan-Kronecker decomposition for the pencil II at x this means 
that all Jordan blocks Jk it Xi have size lxl, i.e. all ki are equal to 1. 

Theorem 5 (Non-degeneracy criteria). Let 0(a, x) be a symplectic leaf of a bracket P a passing 
through x. Assume that P a is regular at x (or, which is the same, 0(a,x) is a symplectic leaf 
of maximal dimension). Then the singular point x of the integrable system J- \ot a ,x) * s non- 
degenerate if and only if the following two conditions hold: 

1. II is diagonalizable at x. 

2. For each A G A(x) the linear pencil dAiI(a;) is non- degenerate. 
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The proof of this theorem is given in Section 5.2 



The following example shows that the statement of Theorem [5] is wrong if we add to the 
system T a Casimir function of a bracket, singular at x (recall that J 7 , by definition, is generated 
by Casimir functions of regular brackets). 
Example 2.4. Consider so(3)* with the following bracket 

P = (x 2 +y 2 + z 2 )P, o{3h 

where P so (3) is the standard Lie-Poisson bracket on so (3)*. 

Consider also any constant bracket of rank 2 and denote it by P^. It is easy to check that 
Pq and Pqo are compatible. 

The Casimir function of Pq is x 2 +y 2 +z 2 . The restriction of this function on the symplectic leaf 
of Poo , passing through the origin, defines an integrable system. The origin is a non-degenerate 
elliptic singular point of this system. However, the linearization of our pencil at the origin is 
zero, therefore the conditions of Theorem [5] do not hold. 

But if we take a Casimir function of a regular bracket, it will look like 

(x + y + z ) + linear terms, 

and its restriction on the symplectic leaf of Poo is degenerate, as it is predicted by Theorem [5] 

The problem is that if we consider the set of the Casimir functions of all brackets of the 
pencil, the function x 2 + y 2 + z 2 will be an "isolated point" in this set. But if the set of all 
Casimir functions formed a smooth family, then Theorem [5] could be applied even if T contained 
Casimir functions of a bracket singular at a given point (for example, we could take as J- the set 
of Casimir functions of all brackets). This can be proved by continuity arguments. 

Theorem 6 (Type theorem). Assume that the conditions of TheoremUnhold. Then the type of 
the singular point x is (k e ,kh,kf), where 





k e — 2_^ "< e (A), 




AeA(z)nl 




kh = E ^(A), 




AeAO)nR 


*/ = 


= E k fW + l E (dimcKerP 




AeA(x)nI xeA(x), 



corank II) , 

Im A>0 

and (fc e (A), A:^(A), fc/(A)) is the type of Sing(d\Tl(x)). 

In other words, the type of a non-degenerate singular point x is the "sum" of types of 
Sing(d\Tl(x)) for all A G A(x). The second summand in the formula for kf appears, because 
Sing(d\H(x)) is always a focus-focus singularity if A is not real (provided this singularity is 
non-degenerate) . 

The proof of Theorem [6] is given in Section |5.2| 

Taking into account the Eliasson theorem (Theorem fTl) , Theorem p^ can be reformulated as 
follows: 

Theorem 7 (Bihamiltonian linearization theorem). Assume that conditions of Theorem^ hold. 
Then the Liouville foliation of the system T \o{a,x) is locally symplectomorphic to 



( \ 

[] Sing(d x Il{x)) 
i AeA(a), 

\ImA>0 / 



x (IC x 
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where R fc x M. k is a trivial Lagrangian foliation, and k is the rank of x. 

In other words, the Liouville foliation of a bihamiltonian system in the neighborhood of a 
non- degenerate singular point is locally symplectomorphic to the direct product of the Liouville 
foliations of the X-linearizations of the system and a trivial foliation. 

2.5 Classification of non-degenerate linear pencils 

Before giving a classification theorem for non-degenerate linear pencils, we need to define three 
special algebras. 

Definition 17. 

1. Denote by g^ the Lie algebra generated by e, /, h, t with the following relations: 

[e,f] = h,[h, S<> }=0,[t,e] = f,[t,f] = -e. 
This algebra is known as "diamond Lie algebra" (see [43]). 

2. Denote by g5> the Lie algebra generated by e, /, h, t with the following relations: 

[e,f] = h,[h,g%\=0,[t,e] = e,[t,f\ = -f. 

3. gS = C ® 0^ ~ C <E) 0^> - the common complexification of these two algebras. 

Remark 2.5. The algebras £u and g'X are (the only non-trivial) one-dimensional central extensions 
of e(2) and e(l,l). 

Definition 18. A complex Lie algebra g will be called non-degenerate if it can be represented 
as 



g~0 S o(3,C)®(0gg)/[ o ®F, 



where V is abelian, and to is an ideal belonging to the center. 

A real Lie algebra g will be called non-degenerate if it can be represented as 

g ^0 S o(3)ffl0 S [(2)ffl0 S o(3,C)ffi(0^e0s>04)/(o®y, 

where V is abelian, and Iq is an ideal belonging to the centeiQ 

Let (] be a Cartarp] subalgebra of a non-degenerate Lie algebra g. The type of the pair (g, h) 
is the triple (k e , kh,kf), where 

• k e = the number of so (3) terms in the decomposition of g + the number of g^ terms + 
the number of s((2) terms such that the Killing form on sl(2) n f) is negative. 

• kh — the number of g 1 ! terms + the number of st(2) terms such that the Killing form on 
s((2) n fj is positive. 

• kf = the number of so(3, C) terms + the number of gS terms. 
Theorem 8 (Classification of non-degenerate linear pencils). 



7 It is possible to show that a real Lie algebra is non-degenerate if its complexification is non-degenerate. 

8 By definition, a Cartan subalgebra of an arbitrary Lie algebra is a nilpotent subalgebra which coincides with 
its normalizer. In the case of non-degenerate algebras, Cartan subalgebras are simply maximal ad-diagonalizable 
Abelian subalgebras. 
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1. A linear pencil H 3, is non- degenerate if and only if g is non- degenerate and Ker A is a 
Cartan subalgebra. 

2. Assume that IP* is non-degenerate. Then the type of Sing (IP' ) coincides with the type 
of the pair (g, Ker A). 

The proof of the first statement in the complex case can be found in Section |5.3| and in the 



real case - in Section 5.4 The proof of the second statement is given in Section 5.5 

Remark 2.6. It follows from the theorem that if g is non-degenerate and Ker A is a Cartan 
subalgebra, then A is automatically regular and the pencil IP'' 4 is automatically integrable. 

Example 2.5. Let g = g^ be the diamond Lie algebra and let a £ g* be such that 

a(h) = l,o(e) =o(/) = a(t) = 0. 

Then Theorem J8J claims that the singularity corresponding to the pencil n fl ' da is non-degenerate 
elliptic. Let us show this explicitly. 

The Casimir functions of the Lie-Poisson bracket (x, [£, rj\) are given by 

h =hj 2 =e 2 + f + 2th. 

Consequently, the Casimir functions of the "shifted" bracket (x + Xa, [£,??]) are given by 

ft = h + X, / 2 A = e 2 + f + 2t(h + A). 

The family T is generated by these functions. The symplectic leaf of A passing through the 
origin is given by t = 0, h = 0. The restriction of the family T to this leaf is generated by the 
single function e 2 + f 2 . Consequently, the corresponding singularity is indeed non-degenerate 
elliptic. 

3 Linear theory 

In this section we study properties of two compatible Poisson brackets at a point, i.e. properties 
of two skew-symmetric bilinear forms on a vector space. Note that all of these properties can be 
deduced from the Jordan-Kronecker theorem. 
Consider a pencil II and a point x. Define 

A = {A e C : rankP A (a;) < rankn(x)}. 

L= Y^ K er^A(x) cT* x M. 
AeS\A 

It is easy to prove the following 

Proposition 3.1 (Properties of the space L). 

1. The space L is isotropic with respect to any bracket of the pencil. 

2. The orthogonal complement to L given by L = {£ G T*M | P a (£,L) = 0} does not depend 
on the choice of a. 

3. Any regular bracket of the pencil is non- degenerate on L / L. 



1G 



4- Let k — dimi. Then for any different a\, . . . , a& G K \ A 

KerP Q . =L. 



k 



5. dim(KerPA C\ L) — corankII(a;) for all X. 
Corollary 3.1. Let T be the system of functions defined in Section \l.4\ Then dJ- = L. 

Proof. J- is generated by local Casimir functions of infinite number of regular brackets of the 
pencil. The differentials of local Casimir functions of a regular bracket generate the kernel of 
this bracket. Therefore dJ 7 is the sum of kernels of infinite number of regular brackets of the 



pencil. But it is enough to take k = dimi of them to generate L (see Proposition 3.1 ). □ 

Since Pp is non-degenerate on L / L for any regular /3, the recursion operator 

R& = P£ 1 P a :L ± /L^L ± /L 
for such /3 is well-defined. 
Proposition 3.2 (Properties of recursion operators). 

1. For any a, 7 and regular )3, 8 we can find constants a, b, c, d such that 

Ri = (aR 5 7 + 6E)- 1 (cR 5 7 + dE), 

Consequently, the operators Pr a and R commute and have common eigenspaces. If one of 
the recursion operators is diagonalizable, then all of them are diagonalizable. 

2. Let Pqo be regular at x. Then the spectrum of the recursion operator Pg° is 

a(R™) = {-\,\eA(x)} 
and the X-eigenspace is 

Ker (P£° - XE) = Ker (P_ A \ L ± /L ) . 

3. The eigenspaces of the recursion operators are pairwise orthogonal with respect to all brack- 
ets of the pencil. 

4- A pencil is diagonalizable at point x if and only if the corresponding recursion operators 
are diagonalizable (over C). 

The proof is straightforward. 

4 Operator DfP 

4.1 Definition of the operator DfP 

Non-degeneracy and type are defined in terms of linearizations of hamiltonian vector fields. 
However, it is more convenient to work with dual operators. In this section we define such 
dual operator DfP. Let P be a Poisson bracket on M, x G M, d/(x) G KerP(x). Define 
T) s P{x) : T*M -> T* X M by the following formula 

D f P(x)(0 = d{f,g}(x), 

where g is an arbitrary function such that dg(x) = £. 
It is easy to see the following 
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Proposition 4.1 (Properties of DfP). 

1. In local coordinates we have 

and therefore D/P(x)(£) does not depend on the choice of g. 

2. T)fP{x) is dual to the linearization of the vector field sgrad/ = Pdf at x. 

3. DfP(x) is skew- symmetric with respect to P{x): 

P(D f P(x)(0,v) + P(t V f P(x)( v )) = 0. 

4- KerP(x) is invariant with respect to T)fP(x). 

5. Let£<=KerP(x). Then 

D / P(x)(0 = [d/(ar),€] ) 



where [ , ] is the commutator in the linearization of P (see Section 2.3). 
6. //rankP(x) = rankP, then DfP(x) vanishes on Ker P{x). 

4.2 Operators DfP a for / e T 

The following lemma will allow us to rewrite the operator DfP ai f G T as D g P\ for an appro- 
priate function g. 

Lemma 4.1. Let 

k 
J / y Ja-i ! 

where f ai is a Casimir function of P ai anddf(x) G KerP Q (a;). 
Let A G C and A =^ a, for any i. Consider a function 

k 

EOi - CXi 
\ Jar 

i— 1 

T/ien 

1 dfir(ic) GKerP A , 

2. DfP a {x) = D g P x {x). 

The proof is a straightforward computation. 

Corollary 4.1. Let f G J 7 , d/(x) G KerP Q . TTien DfP a is skew- symmetric with respect to all 
brackets of the pencil. 

Proof. It is enough to show that DfP a is skew-symmetric with respect to two brackets of the 



pencil. By Proposition 4.1 it is skew-symmetric with respect to P a . By Lemma 4.1 we can find 
P =/= a and a function g such that DfP a — D g Pp. Therefore DfP a is skew-symmetric with 
respect to Pp as well, q.e.d. □ 
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Proposition 4.2. Let f £ J 7 , df(x) £ KerP Q . Then DtP a vanishes on L. 



Proof. By Lemma 4.1 for almost all j3 we can find a function g such that DfP a = D g Pp. If /3 is 



regular, the operator D g Pp vanishes on KerP^ (see Proposition 4.1 ), therefore DfP a vanishes on 



Ker Pp for almost all regular (3. But it is enough to take finite number of values of /3 to generate 



L (see Proposition 3.1), therefore DfP a vanishes on L. □ 



Consequently, the operators DfP a are well-defined on the space L /L. 

Proposition 4.3. Let f £ P, d/(x) £ KerP a . Then the operator DfP a \l-*-/l has the following 
properties: 

1. Belongs to Sp(L /L,Pp) for any regular P, i.e. is bi-symplectic. 

2. Commutes with the recursion operators. 

3. Preserves common eigenspaces of the recursion operators. 

4- If ex is regular, then there exists f £ J- such that DfP a \l->-/l P% = DjP a \l ± /l- 

Proof. It is enough to prove statement Q. Let f a be a Casimir function of P a such that 
d/„ = d/. Then d(/ - f a ) = and 

D f-f a P a \l±/L= D fP a \l±/L ■ 

On the other hand, by Proposition [Ll] 

Df- fa P a \i+/l= d 2 (/ - f a )P a - 

Therefore, 

DfPa \ L 1,L P% = d 2 (/ - fa)PaR a p = d 2 (/ - f a )Pp = Df_f a P \ L ± /L . 



Now let a —> a and let /g be a Casimir function of Ps depending smoothly on a. By lemma 4.1 
we can write 

Df-f a Pp \l±/L= Dg(S)Pa Il-L/L 

for some function g(a) £ T . Obviously, 

Jim Df-f-Pp \ L ±/ L = D f _f a P \ L ± /L , 

therefore Df_f a Pp \l- l /l belongs to the closure of {DhP a \L ± /L}heJ r - But this latter space is 
finite-dimensional and, therefore, closed, which proves our proposition. □ 

The following Proposition allows us to calculate DfP a on an eigenspace of a recursion oper- 
ator. 

Proposition 4.4. 

k 

1. Let / = X) fan where f ai is a Casimir function of a regular bracket P ai . Let also d/(x) £ 
i=i 
Ker P a , A £ A(x). Then DfP a |kgiP a = ac k; where 

k 

a — on 



i=l 

and ad^ is the adjoint operator in Q\ . 
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r~i A - a,- 



2. The following sets of operators are equal 

{DfP a |KcrP A } /e ^ d/eK crP Q = { ad «}«£BAnL, 

where ad^ is the adjoint operator in Q\. 



Proof. This directly follows from Proposition 4.1 and Lemma 4.1 □ 



Now note that if the recursion operators are diagonalizable, we are able to express DfP a on 
the whole L /L via adjoint operators. Indeed, L /L in this case is going to be the direct sum 
of KerP A |ii /L ,AeA(i). 

4.3 Operator DfP and linearizations of hamiltonian vector fields 



Let us consider the integrable system T \o(a,x) defined in Section 1.4 We assume that the 
symplectic leaf 0(a,x) is regular. 

The tangent space T x O is equipped with a natural symplectic form uj a given by the formula 

0J a (P a df, P a dg) = {f,g} a (x). 

Let 

W = {sgrad a /(x) = P a d/(x)} /£F . 

Let W 1 - be the orthogonal complement to it (with respect to ui a ). Then the space W x /W is 
symplectic with respect to uj a . 

Proposition 4.5. Consider the map P a : T* M — > T X M . The following is true: 

1. OJ a (P a (0,Pa(v))=P a (^V)- 

2. P a (L) = W. 

3. P a {L^) = W ± . 

4- Let Af be the linearization o/sgrad/ on W /W, where d/ € KerP Q n L. Then the 
following diagram is commutative: 

L^/L -^^ V-jL 



w x /w Af > w x /w 

The proof is straightforward. 

Corollary 4.2. P a defines a symplectomorphism between L x /L and W /W . This symplecto- 
morphism sends DfP a to Af, which is the linearization o/sgrad/. 

Corollary 4.3. Singular point x is non- degenerate on the regular symplectic leaf of P a passing 
through x if and only if the set of operators 

generate a Cartan subalgebra in sp(L x / L,P a ). Type of the point x coincides with the type of 
this Cartan subalgebra. 

Proof. By definition x is non-degenerate if and only if the linearizations of the hamiltonian vector 
fields sgrad /, / € F generate a Cartan subalgebra in sp(W /J "/W / , uj a ). Now we need to apply the 
isomorphism constructed above. □ 
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5 Proof of the main theorems 
5.1 Proof of Theorem H] 



Let H B ' A be an integrable linear pencil. Construct the system T (see Section 1.4) for this pencil 
and consider the singular point on the orbit of the regular bracket A. By Corollary |4.3[ to 
check non-degeneracy and find the type of this point, we need to calculate operators DfA on 
L^/L, for / e F,df £ Ker A 
By Proposition |4.4| we have 



{DfA \KcrP } feJ r AfeKcrA - {ad c } ?eK crP nL, 
where Pq is the Lie-Poisson bracket. But KerPo = 0*, while KerA = L, therefore 

i D f A }fer,dfeKcrA = {adJ^KerA- 

Since L = g* , we have 

{DfA \l^/l) f£TdfeKcrA = {adj Ig/KcrAJaeKcrA- 

Taking into account Corollary |4.3[ this proves the following 

Lemma 5.1. An integrable linear pencil IL Bt is non- degenerate if and only if the set of operators 

{adj |g/KerA}£eKcrA 

is a Cartan subalgebra in sp(g/Ker A, A). The type of Sing(H 3 ') coincides with the type of this 
subalgebra. 

Remark 5.1. Since A is a skew-symmetric 2-form, the space g/Ker A is symplectic. The condition 
of compatibility of A with the Lie-Poisson bracket implies that all operators ad^ , where £ <E Ker A, 



are skew-symmetric with respect to A. Therefore, they generate an Abelian (see Corollary 2.2 ) 
subalgebra in sp (g/Ker A, A). Now we see that non-degeneracy is equivalent to the fact that this 
subalgebra is a Cartan subalgebra. 

Corollary 5.1. IfH B ' is non-degenerate, then Ker A consists of dA-semisimple elements. 



Since Ker^4 is a commutative subalgebra (see Corollary 2.2 1 which consists of semisimplc 
elements, all operators ad^, £ £ Ker A may be simultaneously diagonalized (over C). Now we can 
consider the "root" decomposition of g: 

C ® g = Ker A + J](F Ai + V- Xi ), 

where each V±\ t is spanned by one common eigenvector corresponding to the eigenvalue ±A(£). 
Eigenvalues enter in pairs because the operators adj are symplectic. 

Remark 5.2. Note that all V±\ t are one-dimensional by definition. 

Proposition 5.1. //KerA is diagonalizable, then the pencil is non- degenerate if and only if 
Ai, . . . A n are linearly independent as linear functions on KerA. Type of Sing(H ' ) is (k e , kh, kt) 
where k e is the number of pure imaginary \, kh is the number of real Ai, and kf is the number 
of pairs of complex conjugate Aj . 
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Proof. Consider the map 

ad: Ker A ^ sp(g/Ker A, A), 

which sends £ to the operator ad^ . We want the image of this map to be a Cartan subalgebra 



(see Lemma 5.1 1. Since it is abelian and diagonalizable, it is Cartan if and only if the dimension 
of it equals 

n = - dimg/Ker A. 

Obviously, 

dimad(Keryl) = dimc(Aj), 

where (A,) is the subspace in (Ker A)^ spanned by Ai, . . . , A„. Therefore, ad(Ker A) is a Cartan 
subalgebra if and only if the roots are linearly independent. 

The second statement directly follows from the definition of type. □ 

Corollary 5.2. //IF' is non-degenerate, then Ker A is a Cartan subalgebra. 

Proof of Theorem^ Taking into account Corollary |5.1| and P roposition [B~l| it suffices to show 
that A is regular and II B ' A is integrable. In Sections 5.3 5.4 we will see that the conditions of 



the theorem imply that g is a non-degenerate Lie algebra. Therefore, the central extension qa 
is non-degenerate as well. Since Ker A is a Cartan subalgebra in g, the kernel of the lift A of 
A to qa is also a Cartan subalgebra. It is easy to check that for a non-degenerate Lie algebra 
the dimension of a Cartan subalgebra equals the index. Therefore, A is regular on qa- Now 
Proposition |2.2| implies regularity of A. 

Now note that we do not need to prove integrability, because it automatically follows from 
non-degeneracy at the origin. Indeed, we can always find a regular point in the neighborhood of 
a non-degenerate point. Due to analyticity regular points are everywhere dense, q.e.d. □ 



5.2 Proof of Theorems [5], [6] 



By Corollary |4.3| a singular point x is non-degenerate on a regular symplectic leaf of a bracket 
P a if and only if the operators T>fP a) where / <E J 7 , d/ € KerP Q , generate a Cartan subalgebra 
in sp(i ± /i, P a ). The type of the singular point coincides with the type of this subalgebra. 

Proposition 5.2. Suppose that a point x is non- degenerate. Then the pencil II is diagonalizable 
at the point x. 

Proof. Indeed, since DfP a generate a Cartan subalgebra in sp(L ± /L, P a ), they should be diag- 
onalizable. Moreover, we can find a linear combination of these operators, which have distinct 
eigenvalues. The recursion operator must commute with this linear combination (by Proposi- 
tion 4.3). Therefore, the recursion operator must be diagonalizable. Now it suffices to apply 



Proposition |3.2| □ 

In the diagonalizable situation the space L 1 - / L is decomposed, together with the form P a , into 



the direct sum of the eigenspaces of the recursion operators (Proposition 3.2). These eigenspaces 



are invariant with respect to the operators DfP a (Proposition 4.3). 
Proposition 5.3. Denote 

D a = {D f P a kx/i} /e ^ d/eKerPQ Csp^/^Pa), 

D a ,\ = {DfP a \K x } feJ r dfeKcl .p a C Sp(K\,P a ), 
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where K\ = ReKerP A \c®l ± /l- Then, provided the pencil is diagonalizable, 

D a = D a , A . 

AeA(x), 
ImA>0 

Proof. It is enough to note that D a is invariant under the multiplication by a recursion operator 



(Proposition 4.3). □ 



Proposition 5.4. Let H be a pencil diagonalizable at x. Then the singular point x is non- 
degenerate on a regular symplectic leaf of bracket P a if and only if for each A € A(x) the set of 
operators D fP a generate a Cartan subalgebra in 

sp (ReKer (P A \ c ®l±/l) ,P a ) . 

The type of x is the sum of types of these Cartan subalgebras. 

Remark 5.3. For real A 

ReKer (P A \ C ® L ± /L ) = Ker (P A \ L j_ /L ) . 

Proof. This follows from Proposition |5.3| and Corollary |4.3| □ 



Proposition 5.5. Let H be a pencil diagonalizable at x. Let K = R if A is real and C otherwise. 
Then the set of operators DfP a generate a Cartan subalgebra in sp(Ker (P A \k®l ± /l) >Pa) if 
and only if the pencil d\H(x) is non- degenerate. The type of this subalgebra for real A coincides 
with the type of Sing(d\Tl(x)). 

Proof. By Proposition |4.4| 

{D f P a | Ke rPx, / G J", d/ G KcrP Q } = {ad ? , £ G 0a n K <g> L}. 

In the diagonalizable case we have gjflK®L = Ker (P Q | flA ). 
But 

f) = {ad e ,£ G Ker (P a | g J} 

is a Cartan subalgebra in sp(g A /f)) if and only if the pencil d A n(x) is non-degenerate (Propo- 



sition 5.1). The type of this subalgebra coincides with the type of Sing(d\IL(x)) by the same 



Proposition [5T] □ 

Proposition 5.6. For a complex value of X the set of operators DfP a generate a Cartan subal- 
gebra in sp (ReKer (P A \c®l ± /l) >Pq) if and only if the pencil d A II(a;) is non-degenerate. The 
type of this subalgebra is (0, 0, kf), where kf equals half of its dimension. 

Proof. Let the pencil d A n(x) be non-degenerate. Then the pencil d^-II(x) is also non-degenerate. 
But this means that the set of operators DfP Q generate a Cartan subalgebra in 

sp (Ker (P A Icsi-Vi) © Ker ( P \ \c<®L^/ L ),P a ) ■ 
Now note that 

(Ker (P A \ c ®l±/l) © Ker (Pj \ c ®l^/l)) f"l (L^/L) = ReKer (P A \ c ®l±/l) ■ 

Therefore operators DfP a generate a Cartan subalgebra insp (ReKer (P A \c®l ± /l) > Pa) as well 
(taking into account that these operators are real) . The inverse statement is proved analogously. 
To prove the statement about the type note that if DfP a has pure imaginary or real eigenvalue 
on ReKer (P A Ic^l^-ZlIj then ad^ in g A has the same eigenvalue. But a generic element in Cartan 
subalgebra of sp(2n. C) doesn't have such eigenvalues. □ 
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Proof of Theorem^ We have already shown that it is necessary for a pencil to be diagonalizable. 
Therefore it suffices to show that for a diagonalizable pencil x is non-degenerate if and only if for 
each A G A(x) the linear pencil d\Ii{x) is non- degenerate. But taking into account Propositions 
|5.5[ |5.6| our statement directly follows from Proposition |5.4| □ 



Proof of Theorem^ Taking into account Propositions [S~5} |5.6| our statement directly follows 
from Proposition |5.4| □ 



5.3 Proof of Theorem [8} the complex case 

H sA is non-degenerate =>■ g is non-degenerate, and Ker A is a Cartan subalgebra. 

Taking into account Theorem [3] and Corollary 5.2 it suffices to show that if a complex Lie 
algebra g admits a root decomposition 

B = I) + X)(Vx ( + VLa < ), (2) 

8=1 

with linearly independent Xi, then g is non-degenerate. 
By definition we have 

M] = o, 

[h,x] = X(h)x for h G f),x G V\. 

The following is standard 

Proposition 5.7. If e a G V a ,ep G Vg, t/ien [e a ,ep] G V Q+/ 3. 

Since the roots are independent, a + /3 is a root if and only if /3 = —a. Consequently, we 
have the following relations 

[^,^-AjGf), 

Let e^ be a basis vector in Vx; and e_, be a basis vector in V-\ i . Denoting hi — [e,, e_j], we will 
have 

[hi,ej] = [[ei,e-i],ej] = 

if i ^ j due to the Jacobi identity. Therefore, 

Now suppose that Xi(hi) ^ for some value of i. Then the triple e^, e_j, hi generates a subalgebra 
isomorphic to so (3, C). We claim that it admits a complementary subalgebra in g. Let 

?) = {/»€ b:Ai(ft) = 0}. 

Denote ___ 

Proposition 5.8. g = g © (e,, e_j, hi) . 
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The proof is straightforward. 

After separating so(3) summands for all i such that Xi{hi) 7^ 0, we may assume that Aj(/ij) = 
for all i. 

Now we shall separate an abelian summand. Decompose the center of g into a direct sum 

z(fl) = (Z(8)n[fl,fl])©v. 

It is obvious that V can be separated from g as a direct summand. 
After separating the abelian summand we may assume that 

Z(fl)c [fl,fl]. 

This means that the center is generated by hi — [ej, e_,]. 
Now decompose subalgebra () as follows 

f) = (/ii,.../i fe >©T. 

Since A,(ftj) = for all i and j, all Xi are linearly independent in T* . Moreover, for each t E T 
there is i such that A,(i) = (otherwise £ belongs to the center, which is not possible, because 
the center is generated by hi). Therefore, the set of Xi is a basis in T* and we can choose a basis 
ii , . . . tk in T such that 

Xi (tj ) = 5ij . 

Consequently, g is generated by e,, e_j, /ii, fj with the following relations 

[ei,ej] =0 if j 7^ -i, 

[*i,ej] = if j 7^ ±i, 
[/i 4 ,g] =0, 
[*i,*i]=0. 

If all /ii were linearly independent, our algebra could be decomposed into the direct sum of gSc- 
subalgebras. Since this is not necessarily the case, g is a quotient of such a direct sum by some 
central ideal. 

Therefore, g is indeed non-degenerate. 

g is non-degenerate and Ker A is a Cartan subalgebra =>■ II ' A is regular, integrable 
and non-degenerate. 

It is enough to apply Theorem |4j 

5.4 Proof of Theorem |8} the real case 

It is possible to classify real non-degenerate linear pencils by classifying the real forms of complex 
non-degenerate algebras. However it seems to be better for the logic of the text to do it explicitly. 

IF'" 4 is non-degenerate => g is non-degenerate and Ker A is a Cartan subalgebra. 

By Theorem [4] and Corollary |5.2| the subalgebra f) = Ker A is a Cartan subalgebra and the 
roots are linearly independent. These roots have the form ±Ai, . . . , ±Afc, ±Vii, ■ ■ ■ , ±f;i, ±/ii ± 
£i ?, . . . , ±/i m ± £ m «. We can write 

= 1) + (e±i, ■ ■ ■ ,e±fc,/±i, • • ■ ,f±i,g±i,h±i, . ■ . ,g±m,h± m ), 
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where, by definition, 



It is easy to check that 



where 

[x,ei\ = Xi(x)ei for x G f), 

[*) /»] = Vi{x)f-i for x € f), 
[#,&] = Hi{x)gi -&{x)hi for set), 
[a;, /ij = &(»)& + fh(x)hi for i€f), 

A—j = — Ai,V—i = —Pi, 
l^—i f^ii K — i Si- 

[ej,e_j] G f), 

[3i)ff-i] = — [^,/t— i] G f), 
[flfi,/i-i] = [&»,£-»] € f), 

and all other commutators vanish. 

Suppose that Aj([ej,e_j]) ^ for some i. In this case the triple ej,e_j, [ej,e_j] generate a 
subalgebra isomorphic to sI(2,R). It can be shown that this subalgebra can be separated as a 
direct summand, analogous to the complex case. 

Similarly, if Vi([fi, f—i]) ^ 0, we obtain a summand isomorphic to so(3,R) if Vi([fi,f-i\) > 
and JBK2.R) if !/,([/«, /_i])<0. 

Further, we have 

tifyii 9-i])9i + m(\9i, 9-i])hi = [\gug-i],hi] = 

= -[\g-i,hi],gi] = Hidg-iihiDgi - £i([g-i,hi])hi, 

therefore 

€i([9h9-i\) = IH(\g-i,hi]), 

Mt([ffi>ff-i]) = -£i([g-i,hi]), 

which means that £, and vi are either linearly independent on the subspace ([gi, g~i], [g-i, hi]) or 
both vanish. In the first case the elements gi, g^i, hi, h_i, [gi, <7_j], [g-i, hi] generate a subalgebra 
isomorphic to so (3, C). 

After separating all described summands, we see that 

[ei,e-i] G Z(g), 
[f t ,f-i] 6Z(fl), 

[gi,g-i] = -[hi,h-i] g Z(g), 

[ffi,^-i] = [^i,fl'-i] e z (fl)- 

In the way absolutely similar to the complex case it can be shown that g is decomposed into a 
sum of an abelian algebra and a quotient of a sum of several copies of JJajBa) Sa by some central 
ideal. 

g is non-degenerate and Ker A is a Cartan subalgebra =4> IF'' 4 is regular, integrable 
and non-degenerate. 

It is enough to apply Theorem HI 
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5.5 Proof of the second part of Theorem [8] 

In this section we will keep the notations of Section |5.4| 



By Proposition 5.1 the type of Sing(IL B ' ) is (k e , kh, kf), where k e is the number of pairs of 
roots of type ±Vji, kh is the number of pairs of type ±Aj, kf is the number of quadruples of type 
±/ij ± iji. 

Now note that in the proof of Theorem [SI only complex roots gave rise to summands of 
type so(3,C), gS . This means that kf indeed coincides with the number of summands of type 
so(3,C),fl£. 

For a pair of pure imaginary roots there are three possibilities: 

2- v j ([f j ,f- j ])<0^sl(2,R). 

3. p j ([f j ,f_ j })>0^so(3,R). 

Let us consider the second case and calculate the Killing form on the element z = [fj, /_,•]. We 
have 

[z,fj] = Vj( z )f-j, 
l z J-j] = -Vj(z)fj. 

The value of the Killing form on the element z is equal to tr (adz) 2 = — 2i^(z) 2 < 0. 
Now let us consider the case of a pair of real roots. There are two possibilities: 

1. X j {[e j ,e- j ]) = 0=> B %. 

2. XjQe^e-j]) ^0=^sl(2,R). 

Consider the second case and calculate the Killing form on z = [bj, e_j]. We have 

[z,ej] =Xj(z)ej, 
[z,e-j] = —Xj(z)e-j. 

The value of the Killing form on z is tr (adz) 2 = 2A^(z) 2 > 0. 

Therefore, the number k e is equal to the number of summands of type g^ + the number of 
summands of type so(3, M) + the number of summands of type s[(2, M.) with a negative value of 
Killing form on the intersection sl(2, K) n Ker A, while the number kh is equal to the number 
of summands of type g'X + the number of summands of type sl(2,M) with a positive value of 
Killing form on the intersection sI(2,R) n Ker A, which proves the theorem. 
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